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We shall start with the accumulation function and use the geometric point of view to generalize  
 
and simplify the theory of interest. Then survey the laws of mortality from both points of view  
 
of stochastic theory and traditional actuaries. There is a thorough discussion and simple  
 
visualization of Balducci and uniform distribution of deaths assumptions of mortality rates of  
 
fractional ages. Two least square-fit cubic survivorship functions for fitting the Male Table of  
 
1958 CSO are presented. Various complicated exposure formulas for a mortality study are  
 
obtained by a simple inspection of the valuation schedule in demography. Life insurance and  
 
annuities are first introduced in three different points of view: deterministic, stochastic and  
 
dynamic. Then the uniform representation of a general life contingency function and its  
 
derivative is defined in such a fashion that deferred, term, endowment, life insurance and life  
 
annuity with level or varying benefit and premium can be treated all in one shot. 
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   the force of interest     
 
 
x   the force of mortality                 
 
 
a(x)   the accumulation function 
 
 
i  the nominal rate of interest 
 
 
i (m)   the nominal rate of interest payable m times a year 
 
 




na   the present value of an annuity due which pays m
-1 at the beginning of each mth  
 




na   the present value of an annuity immediate which pays m
-1 at the end of each mth  
 
of a year for n years   
 
 
 na   the present value of a continuous annuity payable continuously for n years, with  
 
the total of 1 paid during each year  
               
 
)(m
ns   the future value of an annuity due which pays m
-1 at the beginning of each mth  
 




ns   the future value of an annuity immediate which pays m
-1 at the end of each mth  
 
of a year for n years                                                                                             
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ns   the future value of a continuous annuity payable continuously for n years, with  
 
the total of 1 paid during each year 
 
 
X  the random variable of a newborn’s age-at-death  
 
 
   the terminal age 
 
 
F(x)  the distribution function  (d. f.) of X  
 
 
S(x)   the survival function   
 
 
(x)  the life aged x 
 
 
xut q|   the probability that a life (x) aged x will die between ages x + t and x + t + u  
 
 
xt q   the probability that (x) will die within t years 
 
 
xt p   the probability that (x) will survive for t years 
 
 
xq   the probability that (x) will die within a year  
 
 
 px  the probability that (x) will survive for a year 
 
 
L(0)  the cohort of newborns  
 
 
0l   the number of newborns in L(0) 
 
 




xl   the number of lives in L(x) 
 
 
ndx    the number of those in L(x) who will die within n years  
 
 




xP   the number of persons aged between x and x + 1 at the beginning of the  
 








xD     the number of deaths among
z




xD     the number of deaths among
z




xm   the number of migrants in addition to
z




xm     the number of migrants in addition to
z









A     n-year pure endowment of 1 payable at the end of the nth year when (x) lives 
 
 
A x : n    n-year endowment insurance of 1 payable either at the end of the year of  
 
death or at the end of the nth year when (x) survives 
                 
 
a x : n    n-year annuity of 1 payable at the end of each year while (x) survives 
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:nx   n-year term life contingency function with the death benefit k  payable at  
 














A     n-year pure endowment of 1 payable at the end of the nth year when (x) lives  
 
 
A x : n    n-year endowment insurance of 1 payable either at the end of the year of death  
 
or at the end of the nth year when (x) lives 
      
 
),( txd       the discount function of interest  
 
 
),( txd   the discount function of mortality 
 
 
nxh :|    an h-year deferred n-year continuous life contingency function  
 
 
xh |   an h-year deferred whole life continuous contingency function 
 
 
nx:    an n-year continuous life contingency function 
 
 
x    a whole life continuous contingency function 
 
 
)( :| nxhr P         the continuously paid net level premium of nxh :|  , with payments for r years 
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nxI :)(               an n-year continuous contingency function providing the present value of the  
 




:)( nxI         an n-year continuous contingency function providing the present value of the  
 




:)( nxD            an n-year continuous contingency function providing the present value of the  
 














hD        an mthly decreasing life contingency function with the death benefit decreases  
 





1.           INTRODUCTION  
 
Some forty years ago, I started out my eight years of actuarial career as an actuarial student and  
 
was provided by all my employers with study time and materials to prepare for Actuarial  
 
Exams sponsored by SOA. By studying the only one textbook (1), which was teasingly called  
 
“The Bible”, inside out, I personally invented many short cuts for solving various problems. 
 
I later published thirteen papers (6)-(18), a lecture note (4) and a textbook (5) in Chinese,  
 
which I did consult (2). Recently, I found out that my innovative ideas such as the uniform  
 
representation of a general life contingency function and its derivative were not even  
 
mentioned in (3). Therefore, I feel obliged to write this chapter for the benefit of readers.  
10 
A life actuarial model is based on three major factors: interest, mortality and expense. We first 
 
give a general way of constructing life actuarial models in terms of accumulation functions.  
 
 
  Force of Interest    Force of Mortality              Expense Percentage 
                              x        
 
Interest Related Accumulation Function     Mortality Related Accumulation Function     
 




























nx   
  
            Net Level Premium    Gross Level Premium 
              nxnxnx aAP ::: /         )1(::  nxnx PG  
 
              Net Level Premium Reserve at Year t     Cash Value at Year t  
               
tntxnxtntxnxt aPAV   ::::               tntxnxtntxnxt aPAC   ::::  
 
Figure 1.  The structure of an n  year continuous life actuarial model 
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nx    
 











nx   ,  
 
where )(t  is the present value of the benefit at time t  so that the first term 
1
:nx  is the death  
 
benefit and the second term 
1
:nx
  is the maturity benefit. This is generally true in any model.  
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2.      THEORY OF COMPOUND INTEREST        
 
2.1    Functions of compound interest 
 
We shall start with the accumulation function and use the geometric point of view to generalize  
 
and simplify the theory of interest. 
 
 
Let a(x) be an increasing positive function satisfying 
 
     a(-x) = [a(x)]-1.               Eq. 1 
 
From Eq. 1, it follows that a(0) = 1 and that 
 
   [a(0) – a(-x)]-1 – [a(x) – a(0)]-1 = 1, x > 0.               Eq. 2 
 
We shall use Eq. 2 to derive important formulas later. A continuous a(x) further requires the  
 
existence of a’(0) (denoted by  ). For example,  
 
       a(x) = (1+i)x, 
 
where i is the nominal rate of interest. We first list the notations and definitions of major  
 
functions with the illustrative Figures 2-7 as follows: 
 
 
i (m) = the nominal rate of interest payable m times a year 
 
d (m) = the nominal rate of discount payable m times a year 
 
 = the force of interest 
 
)(m
na  = the present value of an annuity due which pays m
-1 at the beginning of each mth of a   
 
year for n years 
 
   m-1 m-1 m-1 .  .  .  .  .  .  .  .  .  .  .  .  .  m-1    
 
   0              n 
                                  
)(m
na   
 






na  = the present value of an annuity immediate which pays m
-1 at the end of each mth of a  
 
year for n years   
 
            m-1         m-1   m-1 .  .  .  .  .  .  .  .  .  .  .   m-1    
 
   0              n 
                                  
)(m
na                                                                                                          
 




na = the present value of a continuous annuity payable continuously for n years, with the total  
 
        of 1 paid during each year  
 
    ---1---  ---1---   ---1---   .  .  .  .  .  .  .  .  .  .   ---1---   
 
   0 1 2 3          n-1       n 
                                   na   
 
Figure 4. The present value of na  
 
)(m
ns  = the future value of 
)(m
na   
 
   m-1 m-1 m-1 .  .  .  .  .  .  .  .  .  .  .  .  .  m-1    
 
   0              n 
                                              
)(m
ns   
 









            m-1         m-1   m-1 .  .  .  .  .  .  .  .  .  .  .   m-1    
 
   0              n 
                                              
)(m
ns   
 





ns = the future value of na  
 
    ---1---  ---1---   ---1---   .  .  .  .  .  .  .  .  .  .   ---1---   
 
   0 1 2 3          n-1       n 
                                                 ns  
 
Figure 7. The present value of na  
 
 
When m = 1, the superscript (m) of the above notations is simply dropped.  
 
 
On the other hand, we can generalize the definition of the force of interest at time x to be 
 
    (x) = lim {[a(x+t) – a(x)]/a(x)}/t . 
          t0                       
 
Then           
 




          = (0).                                                                    
 
In the case that 
 




(x) = lim {[a(x+t) – a(x)]/t}/a(x) = lim [(1+i)t – 1]/t =   
          t0                              t0                    
 
for all x and 
 




.1 ei                                                           
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2.2    Geometric point of view 
 
Let a(x) be an accumulation function. Define i(m)  to be the slope of the line joining (0, 1) and  
 
(m-1, a(m-1)). Let d(p) = i(-p). Then d(p) is the slope of the line joining (0, 1) and (-p-1, a(-p-1)).  
 
              Y          (m-1, a(m-1))   
                       
 
 
                (0, 1) 
                                       (-p-1, a(-p-1))      
  
 
             X  
                                                         -p-1      O       m-1      
           
          Figure 8.         Geometric visualization of the force of interest 
    
We can visualize from Figure 8 that 
 




       lim d(p) =  = lim i(m).      
     p    m                            
 
The latter can also be derived as follows according to the definitions of d(p),  and i(m): 
 
   lim d(p) = lim [a(-p-1) – a(0)]/(-p-1) = a’(0) =  = a’(0) = lim [a(m-1) – a(0)]/(m-1) = lim i(m).      
 p    -p-10                            m-10                          m  
          
                                                                           Y                         a(x)      
 
                  Pn 
               
 
              P 1m   
     Q n           Q 1m  O   Q 1m      Q n   
                                 P n               P 1m                                                                      
 X                                                                             
                                                                                      
                              Figure 9.         Geometric visualization of annuity functions                                                                  
15 
 
Referring to Figure 9, we define the following annuity functions: 
  
)(mna  the ratio of the length of  P-nQ–n to the slope of  O 1mP   
      
)(mna  the ratio of the length of  P-nQ–n to the slope of  O 1mP   
 
na  the ratio of the length of  P-nQ–n to the slope of  the tangent at O  
 
)(mns  the ratio of the length of  PnQn to the slope of  O 1mP   
 
)(mns  the ratio of the length of  PnQn to the slope of  O 1mP   
 
ns  the ratio of the length of  PnQn to the slope of  the tangent at O       
 
With the exception of continuous functions, the above can also be defined as follows: 
 
)(mna  the ratio of the length of  nnQP  to m times that of 1mP Q 1m   
      
)(mna  the ratio of the length of  nnQP  to m times that of 1mP Q 1m   
   
)(mns  the ratio of the length of  nnQP to m times that of 1mP Q 1m   
 





)(mna [1 – a(-nm)]/d
(m) = [1 – a(-nm)]/{m[1 – a(-m-1)]}, 
 
)(mna [1 – a(-nm)]/i
(m) = [1 – a(-nm)]/{m[a(m-1) - 1]}, 
 
na [1 – a(-n)]/a’(0) 
 = [1 – a(-n)]/,  
  
)(mns [a(nm) - 1]/d
(m) = [a(nm) - 1]/{m[1 - a(-m-1)]}, 
 
)(mns [a(nm) - 1]/i
(m) = [a(nm) - 1]/{m[a(m-1) - 1]}, 
 
ns [a(n) - 1]/a’(0) 
 = [a(n) - 1]/. 
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In conclusion, we shall derive the following important formulas from Eqs. 1 and 2. 
          
 i(m) = a(m-1)d(m);               Eq. 3 
 
 [d(m)] -1 - [i(m)] -1 = m-1 ;              Eq. 4 
 
[ 1)( ]mna - 
1)( ][ mns  = d
(m);              Eq. 5 
 
[
1)( ]mna - 
1)( ][ mns  = i
(m);              Eq. 6 
 
[   11 ][][ nn sa  .                Eq. 7 
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In the case that a(x) = (1+i)x, we have 
 




  )1(/])1(1[  ; 
 




  )1(/])1(1[ ; 
 
             .)1(/])1(1[ nn
n
n isia
    
                            
 
From these formulas we can readily derive Eqs. 5-7 for the case that m = 1, which can  
 
also be visualized from Figures 10-12.  
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              n-year payments of annuity due        future value 
 
         1/ ns          1/ ns          1/ ns  .  .  .  .  .  .  .   1/ ns          1 
 
   +       d             d     d    .  .  .  .  .  .  .  .   d  d ns  
 
   =    1/ na         1/ na         1/ na  .  .  .  .  .  .  .   1/ na       
ni)1(                                                      
   
           (1/ na ) ns  = 
ni)1(  = 1 + d ns = (1/ ns ) ns + d ns    
 
Figure 10.         Future value of n-year payments of annuity due   
 
 
          n-year payments of annuity immediate        future value 
                                                
        1/ ns          1/ ns           1/ ns  .  .  .  .  .  .  .  1/ ns        1 + i 
 
    +     i             i                i   .  .  .  .  .  .  .  .   i             i ns      
 
    =   1/ na        1/ na           1/ na  .  .  .  .  .  .  .  1/ na    
1)1(  ni                                                
    
           
        (1/ na ) ns  = 
1)1(  ni = (1 + i) + [ 1)1(  ni - (1 + i)] = (1/ ns ) ns + i ns    
 
Figure 11.         Future value of n-year payments of annuity immediate   
 
 
        n-year payments of continuous annuity        future value 
 
         1/ ns          1/ ns          1/ ns  .  .  .  .  .  .  .  1/ ns         /d 
 
   +                 .  .  .  .  .  .   .  .               ns    
               
   =    1/ na          1/ na         1/ na   .  .  .  .  .  .  . 1/ na   (/d)
ni)1(     
                                                 
           
         (1/ na ) ns  = (/d)
ni)1(  = /d + (/d)[ ni)1(  - 1] = (1/ ns ) ns  +  ns  
 




3. LAWS OF MORTALITY  
 
3.1 Point of view of stochastic theory 
 
Let us first introduce the conventional notations as follows. 
 
X : The random variable of a newborn’s age-at-death.  
 
 : The terminal age. 
 
F(x) : The distribution function (d. f.) of X.  
 
S(x) = 1 – F(x) : The survival function.   
 
 






















where F( ) = 1 and S( ) = 0. The above relationships can be visualized from Figure 13. 
 
   S       ——————–                       F  
                                    |  |    |        |        | 
   0 x x + t  x + t + u        
      ————————————————  
 
                 Figure 13.         Linear visualization of the death rate xut q|  
 

















   
    
and when t = 0, we have (by omitting 0 and replacing u by t) 
 















   
                                                                                                                                                   
Let xt p = 1 - xt q  be the probability that (x) will survive for t years. Then 
 
.| txuxttxuxtxtxutxtxtxutxut qppppppqqq    
                       
                          19 
3.2  Point of view of traditional actuaries 
 
In a life table, we can always find xq , x = 0, 1, 2, 3,  .  .  .   , which is the probability that 
 
(x) will die within a year, namely xq1  as introduced in the previous section; while xx pp 1  is    
 
the probability that (x) will survive in a year.   
 
 
Let S(x) be a survival function. Then 
 





















Let L(0) be a cohort of 0l  newborns. Then the survivorship function )(0 xSllx   is the  
 
number of those in L(0) who survive to age x. Let L(x) denote such a set.   
 
 





,)2( 1110002002 plpplplSll   
 





.0...)( 11132100000     plppppplplSll         
 
 
Let  ndx  be the number of those in L(x) who will die within n years and let dx be those in L(x)  
 
who will die within a year. Then 
20 
,)1( 0001 plSll 
 
 
                                                  
          xxx ldq / ,    
                
      xxnxxn ldlp /)(  , 
 
        xxxx ldlp /)(  , 
 
      .)/)(/(/| txuxttxtxuxtxxtxuxutxtxut qpldllldqqq    
 
The above relationships can be visualized in Figure 14. 
 
           xut q  
 ——————–———— 
                                                 ———— 
          xt q  
                                    |  |     |         |        | 
   0 x x + t  x + t + u        
      -----------——————–                        
          xt p    txu q    
 
                 Figure 14.         Linear visualization of various death rates 
 
 
Now let us look at the instantaneous rate of mortality 
 
           )/lim( tqxtx  , Eq. 8 
                                                  0t   
 







  we have 
 













x                Eq. 9 
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4. MORTALITY RATES OF FRACTIONAL AGES 
 
When 0 < t < 1, tqx can not be found in a life table.  The following two methods are 
 
commonly used to solve this problem. 
 
 
1) Linear interpolation:   
 
 




The first method assumes the uniform distribution of deaths throughout a year, called  
 
U-Assumption; while the second method is due to Balducci, called B-Assumption. 
 
 
Dual Theorem.  xl  imposes B-Assumption if and only if 
1
xl imposes U-Assumption. 
 
Proof.  We shall assume that l is close to 0 but not 0 to avoid 
1
l  being undefined.  Let 
 
         .
1* 
 xx ll   
 
Then the theorem can be proved as follows: 
 


















   
 
 
Now, we shall derive the formula of hqx+t for the following two cases. 
 
 
Case 1.  xl  imposes U-Assumption. 
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Figure 15.         Linear visualization of the death rate in Case 1 
 
 
It follows from 
 
























               ).1/()/lim( xxtxhtx tqqhq    
             0h    
 
By taking t = 0 in Eq. 10, we have 
 
                      xxh hqq   
 
and by taking  h = 1 – t , we have 
 















Case 2. xl  imposes B-Assumption. 
 
According to Dual Theorem, 
*
xl  imposes U-Assumption. From Case 1, we have 
 























































































































                                                                                                                                              Eq. 11
                                                                                                                                                                                                
 
Eq. 11 can be visualized from Figure 15 and Figure 16. 
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Figure 16.         Linear visualization of the death rate in Case 2 
 
 
To simplify the matter, we can further combine Figure 15 and Figure 16 into Figure 17 as  
 
though the time is running from x + 1 to x (having in mine that the time is actually running  
 
from )1(  x  to  x .) 
               
                xq                                                  
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Figure 17.         Linear visualization of the death rate in both cases 
 
By taking  t = 0 in Eq. 11, we have 
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and by taking  h = 1 – t , we have 
 
       .)1(1 xtxt qtq                           Eq. 12 
 
Similar to Case 1, we can also derive 
 
               ].)1(1/[)/lim( xxtxhtx qtqhq    
             0h    
 
Because of the simplicity of Eq. 12, B-Assumption is often used as the basis of calculating the  
 
mortality rates.                            
 
 
5. MODELS OF THE SURVIVALSHIP FUNCTION 
 
Mathematicians have long been searching for appropriate models for the survivorship 
 
function xl . From Eq. 9, we can derive  
 































            Eq. 13 
 
 
In 1724, de Moivre first introduced 
 










as the basis of the model, the survivorship function of which can be calculated from Eq. 13 as 
 
     )1(0

x
llx  , 
 
where 105 . This was used in those days for simplifying the calculation of life annuities  
 
primarily only for the range of ages from 12 to 86. This model was later generalized to 
 







    0 , 
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the survivorship function of which being 
 




llx  .     
         
In 1825, Gompertz believed that the force of mortality was increasing in geometric  
 
progression and introduced 
 
      ,
x
x Bc                           Eq. 14
                           
the survivorship function of which being 
 









x ell  
        
 
By suitably adjusting B and c, this model could fit the range of ages from 10 to 55. Therefore,  
 
it was used to construct the 1937 Standard Annuity Table.  
 
 
In 1860, Makeham further generalize the model to 
 
x
x BcA                  Eq. 15 
 
and later to 
 
            ,xx BcHxA    
 
the survivorship function of which being 
 


















By suitably adjusting A, B and c, this model could fit any age over 20 and was used to  
 
construct the Commissioners 1941 Standard Ordinary Mortality Table and also the Annuity  
 
Table for 1949.  Furthermore, both Eqs. 14 and 15 are often used nowadays to simplify  
 
compound probability problems involving multiple life insurance. 
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Later, the model based on 
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the survivorship function of which being 
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In 1939, Weibull introduced 
 
            
n
x kx   
 
the survivorship function of which being 
 





x xell    
                                                              
 






























































ll Ex .             Eq. 17 
 
 
The function Eq. 16 was derived based on ,6l  ,16l  ,26l  . . . 86l  of 1958 CSO Male Life Table  
 
and fit well the range of ages from 0 to 70.  
 
 
The function Eq. 17 was derived based on ,6l  ,16l  ,26l  . . . 76l  of the same table and fit well the  
 
range of ages from 3 to 79.  
 
 
The error for each of these models is within 1% for most of the ages described above and about  
 
2% for few ages as can be seen in the following comparison chart (Tables 1 and 2 combined). 
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 x 1958 CSO  xl    Tsao’s  
O
xl  % Error  Tsao’s  
E
xl  % Error 
 
 0  10,000,000   9,999,794       .00            10,312,057     3.12 
 1    9,929,200   9,965,185       .36  10,233,904     3.07 
 2    9,911,725   9,933,529       .22  10,161,596     2.52 
 3    9,896,659   9,904,662       .08  10,094,887     2.00 
 4    9,882,210   9,878,418     - .04  10,033,535     1.53 
 5    9,868,375   9,854,634     - .14      9,977,296     1.10 
 6    9,855,053   9,833,146        - .22    9,925,926       .72 
 7    9,842,241   9,813,788     - .29    9,879,181       .38 
 8    9,829,840   9,796,397     - .34    9,836,818       .07 
 9    9,817,749   9,780,808     - .38    9,798,593     - .20 
          10    9,805,870   9,766,856     - .40    9,764,263     - .42 
          11    9,794,005   9,754,378     - .40    9,733,584     - .62 
          12    9,781,958   9,743,210     - .40    9,706,312     - .77 
          13    9,769,633   9,733,185     - .37    9,682,203     - .89 
          14    9,756,737   9,724,141     - .33    9,661,014     - .98   
          15    9,743,175   9,715,913     - .28    9,642,502    - 1.03 
          16    9,728,950   9,708,336     - .21    9,626,422    - 1.05 
          17    9,713,967   9,701,246     - .13    9,612,531    - 1.04 
          18    9,698,230   9,694,479     - .04    9,600,585    - 1.01 
          19    9,681,840   9,687,870        .06   9,590,341      - .95 
          20    9,664,994   9,681,255        .17    9,581,555     - .86 
          21    9,647,694   9,674,470        .28   9,573,984     - .76 
          22    9,630,039   9,667,350        .39   9,567,382     - .65 
          23    9,612,127   9,659,730        .50   9,561,508     - .53 
          24    9,593,960   9,651,447        .60   9,556,118     - .39 
          25    9,575,636   9,642,336        .70   9,550,966     - .26 
          26    9,557,155   9,632,232        .79   9,545,812     - .12 
          27    9,538,423   9,620,972        .87   9,540,409        .02 
          28    9,519,442   9,608,391        .93   9,534,515        .16 
          29    9,500,118   9,594,324        .99   9,527,886        .29 
          30    9,480,358   9,578,607      1.04    9,520,279        .42 
          31    9,460,165   9,561,076      1.07   9,511,449        .54 
          32    9,439,447   9,541,566      1.08   9,501,154        .65 
          33    9,418,208   9,519,913      1.08   9,489,148        .75 
          34    9,396,358   9,495,952      1.06   9,475,190        .84 
          35    9,373,807   9,469,520      1.02   9,459,035        .91 
          36    9,350,279   9,440,450        .96   9,440,439        .96 
          37    9,325,594   9,408,582        .89   9,419,160      1.00 
          38    9,299,482   9,373,748        .80   9,394,952      1.03 
          39    9,271,491   9,335,785        .69   9,367,573      1.04 
           




40    9,241,359   9,294,527        .56    9,336,779      1.03 
41    9,208,737   9,249,812        .45   9,302,326      1.02 
          42    9,173,375   9,201,474        .31    9,263,970        .99 
          43    9,135,122   9,149,350        .16   9,221,468        .95 
          44    9,093,740   9,093,273        .01   9,174,577        .89 
          45    9,048,999   9,033,082      - .18   9,123,052        .82 
          46    9,000,587   8,968,610      - .36   9,066,651        .73 
          47    8,948,114   8,899,694      - .54   9,005,128        .64 
          48    8,891,204   8,826,168      - .73   8,938,241        .53 
          49    8,829,410   8,747,870      - .92   8,865,746        .41 
          50    8,762,306   8,664,634    - 1.11    8,787,400        .29 
          51    8,689,404   8,576,296    - 1.30   8,702,958        .16 
          52    8,610,244   8,482,692    - 1.48    8,612,177        .02 
          53    8,524,486   8,383,657    - 1.65   8,514,814        .11 
          54    8,431,654   8,279,027    - 1.81   8,410,624        .25 
          55    8,331,317   8,168,637    - 1.95   8,299,364        .38 
          56    8,223,010   8,052,324    - 2.08   8,180,791        .51 
          57    8,106,161   7,929,922    - 2.17   8,054,660        .64 
          58    7,980,191   7,801,267    - 2.24   7,920,729        .75 
          59    7,844,528   7,666,196    - 2.27   7,778,752        .84 
          60    7,698,698   7,524,543    - 2.26    7,628,488        .91 
          61    7,542,106   7,376,144    - 2.20   7,469,692        .96 
          62    7,374,370   7,220,835    - 2.08    7,302,120        .98 
          63    7,195,099   7,058,452    - 1.90   7,125,529        .97 
          64    7,003,925   6,888,829    - 1.64   6,939,675        .92 
          65    6,800,531   6,711,803    - 1.30   6,744,315        .83 
          66    6,584,614   6,527,210      - .87   6,539,205        .69 
          67    6,355,865   6,334,884      - .33   6,324,100        .50 
          68    6,114,088   6,134,662         .34   6,098,759        .25 
          69    5,859,253   5,926,379       1.15   5,862,936        .06 
          70    5,592,012   5,709,870       2.11    5,616,388        .44 
          71    5,313,586   5,484,972       3.23   5,358,872        .85 
          72    5,025,855   5,251,520       4.49    5,090,144      1.28 
          73    4,731,089   5,009,350       5.88   4,809,960      1.67 
          74    4,431,800   4,758,296       7.37   4,518,077      1.95 
          75    4,129,906   4,498,196       8.92   4,214,251      2.04 
          76    3,826,895   4,228,884     10.50   3,898,238      1.86 
          77    3,523,881   3,950,196     12.10   3,569,794      1.30  
          78    3,221,884   3,661,968     13.66   3,228,677        .21 
          79    2,922,055   3,364,034     15.13   2,874,642      - .62 
 
Table 2. Second half of the comparison chart 
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6. SIMPLE VISUALIZATIONS FOR SCHEDULE EXPOSURE FORMULAS  
 
We shall introduce the method of valuation schedule in demography to be used to calculate the  
 
mortality rates for any observed group in the insurance industry such as the insured of a life  
 
insurance company, the annuitants of an annuity contract or the participants of a pension plan.   
 
 
To undertake a mortality study for such a group, we need to specify the observation period and  
 
the mechanism of calculating the exposure and deaths. These calculations involve with starters,  
 
new entrants, withdrawers, deaths and enders.   
 
 
For a large group, the valuation schedule exposure formulas are often considered rather than  
 
the individual record exposure formulas because of the obvious reason. These formulas are  
 
based only on the observed deaths and the periodic numeration of the individuals in the  
 
observed group, which are readily available from the data for the valuation purpose just as in  
 
the population study in demography.   
 
 
We first adopt pertinent notations from the demography. 
 
 
zxP   the number of persons aged between x and x + 1 at the beginning of the calendar year z; 
 
zxE   the number of persons attained age x during the calendar year z; 
 
zxD   the number of deaths among
z
xE during the calendar year z; 
  
zxD   the number of deaths among
z
xP before the attainment of age x + 1; 
 














zxm   the number of migrants in addition to
z
xE during the calendar year z; 
  
zxm   the number of migrants in addition to
z
xP before the attainment of age x + 1.       
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Figure 18. The observed deaths and the periodic numeration of the individuals 
 
 
From the above figure, we have 
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The number of migrants is the number of new entrants minus the number of withdrawers. In  
 
the insurance industry, the migration can be assumed to occur either at the insured’s birthday  
 
or at the end of calendar year. Different migration and mortality assumptions will lead to  
 
different exposure formulas. The mortality rate is calculated as the ratio of the number of  
 
deaths over the total exposure. The treatment of deaths plays the major role in the calculation  
 
of different exposure formulas as discussed below. Let k be the number of months after  
 
January 1 for the average birthday of an observed group. For a large group, k is usually  
 
assumed to be 6. If the observation period is the calendar year z, we can group the deaths by  
 
age last birthday or by calendar age. If the observation period is from birthday in z to the  
 
birthday in z + 1, then the grouping of deaths is always by age last birthday. 
 
 
Case 1.  Calendar year study, deaths by age last birthday. 
 
In the following figure, we assume that 
z
xm  occurs m months after January 1 and 
z
xm   
 
occurs n months after January 1. 
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Figure 19. Visualization of Case 1 
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1) B-Assumption on deaths 
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It follows from Eqs. 12, 18 and 19 that 
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If the migration occurs on birthdays (m = 0 and n = 12), then 
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which can be visualized directly from the diagram below. 
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Figure 20.        The migration occurs on birthdays under B-Assumption 
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The coefficient (exposure) of 
z
xP  is the length of the line segment X---O, the coefficient of  
 
1z
xP  is the length of the line segment O---X and  the coefficient of 
z
xD  is the length of the  
 
line segment O---O.   
 
 
If the migration occurs at year-ends (m = n = k), then 
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which can be visualized directly from the diagram below. 
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Figure 21.        The migration occurs at year-ends under B-Assumption 
 
The coefficient of 
z
xE 1  is the length of the line segment X---O, the coefficient of 
z
xE  is the  
 
length of the line segment O---X, the coefficient of 
z
xD  is the length of the line segment  
 
X---O and the coefficient of 
z
xD  is the length of the line segment X---O.   
 
 
2) U-Assumption on deaths 
 
Since the equivalent formula to Eq. 10 is far more complicated under U-Assumption, we  
 
shall use the direct approach by tracing down the deaths from segment to segment in the  
 





























            Eq. 20 
 
Due to the fact that U-Assumption is usually accompanied with the migration assumption  
 
either on birthdays or at year-ends,  we shall only discuss these two special cases. If the  
 
migration occurs on birthdays (m = 0 and n = 12), then 
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             Eq. 21 
             
By multiplying xk p
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It then follows from U-Assumption, as can be visualized from the figure below, that 
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Figure 22.        The migration occurs at year-ends under U-Assumption 
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The coefficient of 
z
xP  is the length of the line segment O---X, the coefficient of 
1z
xP  is the  
 
length of the line segment X---O, the coefficient of 
z
xD  is the length of the line segment 
 
X---O and the coefficient of 
z
xD  is the length of the line segment X---O. If the migration  
 
occurs at year-ends (m = n = k), by multiplying xk p
12
































x PpE , by applying Eq. 19 and U-Assumption to the above we can obtain 
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which can be visualized directly from the figure below. 
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Figure 23.        The migration occurs at year-ends under U-Assumption 
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The coefficient of 
z
xE 1  is the length of the line segment O---X, the coefficient of 
z
xE  is the  
 
length of the line segment X---O, and  the coefficient of 
z
xD  is the length of the line segment  
 
O---O. The derivation of exposure formulas for the last two of the following cases is similar to  
 
the first and therefore will be omitted.  However, we shall summarize the formulas of the case  
 
with accompanying figures and follow suit. 
 
Case 1.  Calendar year study, deaths by age last birthday. 
 
 Case 2.  Calendar year study, deaths by calendar year.   
 
 Case 3.  Birthday to birthday study, deaths by age last birthday.                           
                         
                                                                                                                           
Case 1.  Calendar year study, deaths by age last birthday.  
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Figure 24.        Calendar year study, deaths by age last birthday, migration on birthdays 
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Figure 25.        Calendar year study, deaths by age last birthday, migration at year-ends 
 
 
 Case 2.  Calendar year study, deaths by calendar year.     
 
     Exposure formulas    
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z





xP 1  
      
z
xD 1  
           X 
z
xD \     x         O        
z
xD  
       
 
       
 
         
           O
1z
xP   x + 
12
12 k
            
1z
xP  
                                                                                                         O 





































             
Figure 26.      Calendar year study, deaths by calendar year, migration on birthdays 
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7. LIFE INSURANCE AND ANNUITIES 
 
7.1 Deterministic point of view 
 
Let k-1|q x be the probability that a life (x) aged x will die between ages x + k –1 and x + k.  Let   
 
k p x be the probability that (x) will survive to age x + k.  Let i be the nominal interest rate and  
 



































:  .              Eq. 23 
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Let A x : n  denote an n-year endowment insurance of 1 payable either at the end of the year of  
 
death or at the end of the nth year when (x) survives. Then 
 





AAA  .              Eq. 24 
                 
 
Let a x : n  denote an n-year annuity of 1 payable at the end of each year while(x) survives.   
 
Then it is called an annuity immediate and 
 









:  . 
    
 
Let nxa :  denote an n-year annuity of 1 payable at the beginning of each year while (x) survives.  
 













nx apva .        
                                                                    
 
An annuity due can also be interpreted as an endowment insurance with ka  payable at the year  
 
of death and na  payable at the date of maturity. Hence 
 









xnnxkknx paqaa  .            Eq. 25 
 
 
Therefore, we can consider an n-year term life contingency function 1:nx with the death  
 













xkknx q              Eq. 26 
 
and an n-year endowment contingency function with n  payable at the date of maturity is 
 










  is an n-year pure endowment of n  at the date of maturity, namely 
 
     xnnnx p 
1




k v  in Eq. 26, we can obtain Eq. 22. In this case, Eq. 23 follows from Eq. 27.  
 
These are the formulas for life insurance.  
 
 
By taking kk a  in Eq. 26, we can obtain 
 











xkknx qaa  ; 
 









xnnxkknx paqaa  .    
             
 
In this case, Eq. 25 follows from Eq. 27 and the above. These are the formulas for annuity due.   
 
 
By taking kk a  in Eq. 26, we can obtain 
 











xkknx qaa ; 
                              









xnnxkknx paqaa .                                                                                                                  
                                                                                                               
 
Finally, from Eqs. 24 and 25, we can derive 
 
















nxnx padvqadvadA  . 
 
Likewise, we can obtain 
 













xnxknxnx qqadA  . 
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7.2 Stochastic point of view 
 
Let K be the random variable of the integral future-life-time of (x). Then its p.d.f.is  
 
10,|  xkq xk  , where   is the terminal age.   
 
 
Let nxh :|  be an h-year deferred n-year life contingency function, with the random variable of  
 
the present value of the benefit being 
 
K   K = h, h+1, h+2, . . . , h+n-1 

















xnhnhxkknxh pqZE nxh   .          Eq. 28
   
 
As in Eqs. 26 and 27, we write 
 





     










xkknxh q .                      
 
 
Let nxh A :|  be an h-year deferred n-year endowment payable at the end of the year. Then   
 
     k
k v , nhkh 1 . 
 
From Eq. 28, we have 
 



















Let 1:| nxh A  be an h-year deferred n-year term insurance payable at the end of the year. Then  
 
from Eq. 28, we have 
 












nxh qvA ,                         Eq. 30 
 
since 0nh . From Eqs. 29 and 30, we have 
 













AA  .            
 
 
Let nxh a :|  be an h-year deferred n-year annuity payable at the end of the year. By taking   
 




























:| .                                                     
   
 
Since  ak = v + v
2 + v3 + . . . + vk  and  k|qx = kpx – k+1px , from Eq. 31 we have 
 










:| .  
 
 
Let nxh a :|   be an h-year deferred n-year annuity payable at the beginning of the year. By taking  
 
 1kk a ,ha  we can, likewise, obtain 
                             
















nhxhhxkknxh pvpapaqaa  ; 
 










xkknxh qaa                                                     
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Let T be the random variable of the life-until-death of (x). Then its p.d.f. is  ,txxt p   where  
 
tx  is the force of mortality at age x+t.   
 
 
Let  nxh :|  be an h-year deferred n-year continuous life contingency function with the present  
 
value of the death benefit at time t being t  and that of the maturity benefit being  .nh    
 
When n = ,x  nxh :|  becomes xh | , called an h-year deferred whole life continuous  
 
contingency function. When h = 0, they are denoted as nx:  and x , respectively.   
 
 
Since the random variable of the present value of the benefit is 
 
T   h  T  h+n 





       nh  T > h+n , 
 
it follows that 
 





xnhnhtxxttnxh pdtpZE nxh   ][ :|:| .           Eq. 32
                             
By taking 
t
t v  in Eq. 32, we obtain 
 
























:| ,       
 
                             
where  ),( 1:|:| nxhnxh AlyrespectiveA  is an h-year deferred n-year endowment (respectively, term) 
 
insurance of 1 payable at the moment of death or at the date of maturity. 
      
 
Let nxh a :|  denote an h-year deferred n-year continuous annuity. Then 
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      0   hT 0  
 
      )( :| nxh aZZ   nT aa    nhTh   
 
      hnh aa    .nhT                     
 
 
It follows from Eq. 32 that 
 





















we can obtain from Eqs. 33 and 34 that 
 









7.3 Dynamic point of view 
 
Let  ),( txd  and  ),( txd   be the discount function of interest and mortality, respectively.  
 
 
Define an h-year deferred n-year continuous annuity as 
 







and an h-year deferred n-year continuous term insurance as 
 









                                                  
 
Then an h-year deferred n-year continuous endowment insurance is defined to be 
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    ),(),(
1
:| nhxdnhxdAE nxhxnh    
 
is an h-year deferred n-year pure endowment. 
 
 




           
tetxd 
),(   
 
and 








   
 
then we can obtain the familiar (traditional) expressions for life contingency functions. 
 
 
Another alternative is to let 
 





   
 
where x  is the force of interest at the issue age x.  By integration by parts, we can obtain 
 
       ),(),(:|
1
:| nhxdnhxdaEA nxhxxhnxh      
 
and 
                 .:|:| nxhxxhnxh aEA       
 
 
Note that  x  could be updated according to a certain national index. It can also include the  
 
expense factor for the calculation of the gross premiums, while  ),( txd   could be updated  
 
according to the national life table. On the other hand, ),( nxa  can always be approximated. As  
 
for the discrete case, the conventional approximations are handy.                                 
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8. NET ANNUAL PREMIUMS AND RESERVES 
 
8.1       Net annual premiums  
 
Let  )( :| nxhr P   be the continuously paid net level premium, or simply net premium of nxh :|  ,  
 
with payments for r years.   
 
 
In the annuity case, it only makes sense that r < h + n. The reason is as follows. The insured  
 
pays r years of premiums when financially able, then starts receiving payments after h years for  
 
n years when financially needy.  When h = 0, then the paying period should be less than the  
 
receiving period.   
 
 
There is no such restriction in the insurance case. In fact, when h = 0, r is usually equal to n.  In  
 
this case, )( :nxn AP  is abbreviated as  nxP :  ,  )(
1
:nxn AP  as  
1
:nxP   and  )(
1
:nxn
AP  as 
1
:nx
P  . 
 
 
Let L be the random variable of the present value of the insurer’s loss. Then 
 
                                           ).()()( ::|:| nxnxhrnxh aZPZL        
 
If  E[L] = 0, then 
  
    ./)( ::|:| rxnxhnxhr aP    
 
 
Hence we have 
 
                                                         ,/)( ::|:| rxnxhnxhr aaaP      
 




:| rxnxhnxhr aaaP   
  
                                                         ,/)( ::|:| rxnxhnxhr aAAP      
 













aAAP   
 
 
For the special cases, we have 
 
    ,/ ::: nxnxnx aAP   
 








    ./ xxx aAP       
 
 
For the discrete case, similar formulas can be derived. 
  
 
8.2  Net premium reserves 
 
We shall discuss the reserves based on the net level premium ).( :| nxh





 )( :| nxh
r
tV   the reserve needs to be provided for (x) by the insurer at  
 
  the end of the t-th year, abbreviated as the reserve for (x) at  
 
  the end of the t-th year or simply the reserve for (x + t).   
 
 
Let U be the random variable of the future-life-time of (x + t). Then its p.d.f. is  
 
     utxtxu p   . 
 
Let Lt  be the random variable of the loss of the insurer at the end of the t-th year. Then 
     
    ],[)( :| LEV tnxh
r
t   
 
the value of which is as follows. 
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i) If  r < h, then 
 
     trtxnxh
r
ntxth aP   ::|:| )(    rt   
 
     )( :| nxh
r
tV    ntxth :|       htr   
 
       thntx  :   nhth   
 
              
ii) If  r = h, then 
 
     trtxnxh
r
ntxth aP   ::|:| )(    ht   
     )( :| nxh
r
tV     
       thntx  :   nhth   
 
 
iii) If  r > h, then 
 
     trtxnxh
r
ntxth aP   ::|:| )(    ht   
 
     )( :| nxh
r
tV    trtxnxh
r
thntx aP   ::|: )(    rth   
 
       thntx  :   nhtr   
 
 




nh V    
 
 
If h = 0, then 
 
     trtxnx
r
tntx aP   ::: )(   rt   
     )( :nx
r
tV     




     trtxnx
r




: )(   rt   




tV     
       
1
: tntx    ntr   
49 
 
In the case of r = n, we have 
 
     
tntxnx
r
tntx aP   ::: )(   nt   
     )( :nxtV     
       0:nx   nt   
and 
 
     )(
1




: )(     nt   
 
 
We write )( :nxt AV  and )(
1
:nxt AV , respectively as  nxtV :  and 
1
:nxtV . Thus 
 




:    nt   







        1  nt          
 
 
9. VARYING LIFE CONTINGENCY FUNCTIONS 
 
9.1 Increasing life contingency functions 
 
Let nxI :)(   be an n-year continuous contingency function providing the present value of the  
 
death benefit tt )1(   at time t and the maturity benefit nn , where x  is the floor function of  
 
x (the greatest integer less than x). If the maturity benefit is 0, then the function is denoted  
 
by 1
:)( nxI . Thus 
 
    nxI :)( 
1
:)( nxI .xnn pn                                           
 
It follows from Eq. 31 that 
 





: .)1()(   
 
Since the death benefit of both functions increases by 1 each year, they are called annually  
 
increasing life contingency functions with the difference only in the maturity benefit.  
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If the present value of the death benefit at time t is  
 









then the above functions are denoted by nx
mI :
)( )(   and, called mthly increasing life  
 
contingency functions.   
 
 










hI  . 
 
 




:)( nxD  be an n-year continuous contingency function providing the present value of the  
 
death benefit ttn )(   at time t. Then it follows from Eq. 32 that 
 





: .)()(   
             
 
The death benefit decreases by 1 annually from n to 1. Thus such a function is called an  
 
annually decreasing life contingency function.  Since the maturity benefit is 0, the notation  
 
nxD :)(   is redundant.   
 
 
If the present value of the death benefit at time t is  
 





n   
 




mD  , called an mthly decreasing life  
 
contingency function. If the death benefit decreases only for h years, then the pertinent  
 




hD  . 
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nD             Eq. 35 
 
This supplementary relationship can also be seen from the following figure. 
 
      
                                                         1/m 
 
 




mD   
              n 
                                                         n 




mI       
           
 
           1/m 
 




mD   and 1:
)( )( nx
mI   
                  
If ,m  then from Eq. 35 we have 
 










:)( nxI  is an n-year continually increasing life contingency function and 
1
:)( nxD  is an  
 
n-year continually decreasing life contingency function.   
 
 
If the present value of the maturity benefit is ,nn  then the pertinent function is 
 




mnx pnIII                           Eq. 37 
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The supplementary relationship in Eq. 36 can be seen from the following figure. 
 
      
                                                          
 
 
                        1:)( nxD  
               
     
                
1
:)( nxI      
           
 
            
 
Figure 29. The supplementary relationship of 
1
:)( nxD  and 
1
:)( nxI  
 
The triangle representing 
1
:)( nxI  consists of all the horizontal line segments, each representing  
 
1
:| snxs  , .0 ns   This relationship can also be proved as follows. 
  


















        Eq. 38 
 
 
Similarly, we have 
 












                                  Eq. 39             
       
 
Combining Eqs. 38 and 39, we have 
 










snxs               Eq. 40 
 
 
On the other hand, we can use the integration by parts to obtain 
 







0  ;             Eq. 41 
 








t               Eq. 42 
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h AD ,)( :nxAI
1
:)( nxAI  and .)(
1














m aI ,)( 1:
)(
nx
m aI ,)( 1:
)(
nx




















:)( nxaI  and .)(
1
:nxaD    
 
 











tt aadsv  
 
 
Hence, from Eq. 37, we have 
 
    nxAI :)( 
1








              
From Eq. 36, we have 
 














:)( nxaD nxan : .             Eq. 43 
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Furthermore, from Eq. 38 and 39, we have 
 



















t v' . Since ,0t  from Eq. 41 we have 
 






              Eq. 44 
 
 
As a special case, we have 
 






              Eq. 45 
 
 
From Eq. 42, we can also derive Eq. 43 as follows: 
 
   
1





)( nxan : .)( :nxaI  
 
 
For insurance, from Eqs. 38-40, we can obtain 
 







     






    nxAI :)( dsA
n
snxs 0 :| .            Eq. 46 




t v . From Eqs. 41-43, we have 
 










 nxa : .)( :nxaI  
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From Eqs. 42, 45 and 46 we have 
 










nxaDn :)(  nxa : n nxa :  nxan : .)( :nxaI  
 
 
Similar to Eq. 40, we can obtain 
 









knxknxI   
and then 
 

















knxkknxk aEaA   
 
 
10. DERIVATIVES OF LIFE CONTINGENCY FUNCTIONS 
 
10.1  Derivatives of continuous life insurance and annuities 
 
Let xl  be the survivorship function. Since 
 



































                    Eq. 47 
 
 












  ).( txxxt E                Eq. 48 
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   





10.2      Derivatives of discrete life insurance and annuities 
 















     









     
 












k v . Then 
 
    
dx
Ad nxh :|




























Let kk a . Then 
 
dx
ad nxh :| 
 
 








1 )(   
 








kxxk E   
 
 





     








1 )(  
 








kxxk Ev   
 
                   
10.3  Derivatives of varying life insurance and annuities 
 
From Eqs. 40 and 49, we can derive 
 
     
dx









              







: '     
 










11.         SOME USEFUL THEOREMS IN ACTUARIAL MATHEMATICS  
 
 


















  at 
ae
cd
x  . 
 




















































Since the value of )(" xf  at the critical point 
ae
cd




















































































































Corollary A.      For an insurance organization, let S denote the random loss on a segment of  
 




















where f(x) is the ratio of the security loading g(x) = dx + e and the standard deviation  
 


































)(   
 
attains its maximum value 
 































































and use Theorem A. 
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Corollary C.      Let p be the probability that a property will not be damaged in the next period  
 
and let f(x) in Theorem B be the probability density function of a positive random variable X  
 
with q = 1 – p. If the owner of the property with wealth w has a utility function g(x) in  
 
Theorem B and is offered an insurance policy that will pay1 – c portion of any loss during the  
 
next period, then the maximum premium G that the property owner will pay for this insurance  
 

















Proof.       Equating the utilities with and without insurance, we have 
 
       )1;()();()( whwpgcGwhGwpg  . 
 
































 )exp( . 
 
 
The corollary follows. 
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, ax 0 ,  
 














n aXE . 
 
 
Corollary D.     The mean and variance of the random variable X in Theorem C are  
3
a







Theorem D.        A decision maker has wealth w, has a utility function  
 
  rxxu  , 10  x   
 
and faces a random loss X with a uniform distribution on [0,w]. Then the maximum amount  
 
this decision maker will pay for the complete insurance against the random loss is 
 

























Proof.        Equating the utilities with and without insurance, we have 
 






















The theorem follows. 
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Theorem E.      Assume that a decision maker will retain wealth w with probability p and will  
 
suffer a loss c with probability q = 1 – p. Based on the utility function   
 





0    ( a > 0 ), 
 











wG  . 
 
Proof.        Equating the utilities with and without insurance, we have 
 
)](1)[()1()()( 2 cwacwqawpwGwaGw  . 
 









Gw  . 
 
The theorem follows. 
 
 
Theorem F.     Let Xi , i = 1, 2, 3, …, n, be nonnegative mutually independent random variable  
 
with the probability density function fi(t). If the moment generating function )(tM
iX
 of each Xi  
 






.                                                                                               
 
















where yxz  . Hence )()()(
21





Balducci assumption:     When 0 < t < 1, the mortality rate tqx can not be found in a life table.   
 
Under this assumption, the reciprocal interpolation is used. 
 
U-assumption:     When 0 < t < 1, the mortality rate tqx can not be found in a life table. Under  
 
this assumption, the linear interpolation is used.   
 
CSO:         The acronym for Commissioners Standard Ordinary. 
 
SOA:          The acronym for Society of actuaries. 
 
ARCH:      The acronym for Actuarial Research Clearing House, which is one of the two  
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functions and pension funding are presented in more simplified and generalized fashions;  
 
the new way of the simplex method using cross-multiplication substantially simplified  
 
the process of finding the solutions of optimization problems; the generalization of  
 
triangular arrays of numbers from the natural sequence based to arithmetically  
 
progressive sequences based opens up the dimension of explorations; the introduction of  
 
step-by-step attempts to solve Sudoku puzzles makes everybody’s life so much easier and  
 
other STEAM project development. Dr. Tsao is the author of 3 books and over 30  
 
academic publications. Among all of the above accomplishments, he is most proud of  
 
solving manually in the total of ten hours the hardest Sudoku posted online by Arto  
 
Inkala in early July of 2012. He earned his high school diploma from the High School of  
 
National Taiwan Normal University, his BS and MS degrees from National Taiwan  
 
Normal University, Taipei, Taiwan, his second MS degree from the UWM in USA, and a  
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Introduction to the eBOOK Series of the "EVOLUTIONARY PROGRESS IN SCIENCE, 
 
TECHNOLOGY, ENGINEERING, ARTS AND MATHEMATICS (STEAM)" and This  
 





The acronym STEM stands for “science, technology, engineering and mathematics”.  In 
accordance with the National Science Teachers Association (NSTA), “A common definition of 
STEM education is an interdisciplinary approach to learning where rigorous academic concepts 
are coupled with real-world lessons as students apply science, technology, engineering, and 
mathematics in contexts that make connections between school, community, work, and the 
global enterprise enabling the development of STEM literacy and with it the ability to compete 
in the new economy”. The problem of this country has been pointed out by the US Department 
of Education that  “All young people should be prepared to think deeply and to think well so 
that they have the chance to become the innovators, educators, researchers, and leaders who 
can solve the most pressing challenges facing our nation and our world, both today and 
tomorrow. But, right now, not enough of our youth have access to quality STEM learning 
opportunities and too few students see these disciplines as springboards for their careers.”  
STEM learning and applications are very popular topics at present, and STEM related careers 
are in great demand.  According to the US Department of Education reports that the number of 
STEM jobs in the United States will grow by 14% from 2010 to 2020, which is much faster 
than the national average of 5-8 % across all job sectors. Computer programming and IT jobs 
top the list of the hardest to fill jobs. Despite this, the most popular college majors are business, 
law, etc., not STEM related. For this reason, the US government has just extended a provision 
allowing foreign students that are earning degrees in STEM fields a seven month visa 
extension, now allowing them to stay for up to three years of “on the job training”. So, at 
present STEM is a legal term.  
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The acronym STEAM stands for “science, technology, engineering, arts and mathematics”.    
 
As one can see, STEAM (adds “arts”) is simply a variation of STEM.  The word of “arts”  
 
means application, creation, ingenuity, and integration, for enhancing STEM inside, or  
 
exploring of STEM outside.  It may also mean that the word of “arts” connects all of the  
 
humanities through  an idea that a person is looking for a solution to a very specific problem  
 
which comes out of the original inquiry process.  STEAM is an academic term in the field  
 
of education. The University of San Diego and Concordia University offer a college degree  
 
with a STEAM focus. Basically STEAM is a framework for teaching or R&D, which is  
 
customizable and functional, thence the “fun” in functional. As a typical example, if STEM  
 
represents a normal cell phone communication tower looking like a steel truss or concrete  
 
column,STEAM will be an artificial green tree with all devices hided, but still with all cell  
 
phone communication functions.   This ebook series presents the recent evolutionary  
 






This ebook chapter,“EVOLUTIONARY MATHEMATICS AND SCIENCE FOR LIFE  
 
CONTINGEMCY INVESTIGATION” is Dr. Hung-ping Tsao’s collection of thoughts, works  
 
and articles about various basic life contingency problems encountered through his eight years  
 
of actuarial career plus seventeen years of teaching. From time to time, he would share his  
 
innovative ideas with all levels of audience by giving talks to college students in U.S. as well  
 
as in Taiwan. He even went to Shanghai, China in 1996 to help develop the actuarial  education. 
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